Gravitational radiation of binary systems can be studied by using the adiabatic approximation in General Relativity. In this approach a small astrophysical object follows a trajectory consisting of a chained series of bounded geodesics (orbits) in the outer region of a Kerr Black Hole, representing the space time created by a bigger object. In our paper we study the entire class of orbits, both of constant radius (spherical orbits), as well as non-null eccentricity or- 
Introduction
Orbits (geodesics with null or non null eccentricity) in the outer region of Kerr space time play an important role in the description of important astrophysical phenomena near black holes. This space-time, characterized by the parameters M and a interpreted as the mass and angular momentum per unit of mass of a rotating hole, can be described in the outer region (limited by the outer horizon and the asymptotically flat region) by the Boyer-Linquist coordinate x α ≡ {t, r, θ, φ} .
Geodesics are characterized by four constants of motion, that are E, m, L and L, representing, respectively, the energy as measured by an observer at infinity, the mass of a test particle, the component of the angular momentum along the axis of symmetry, and the Carter's constant, that can be interpreted as the parallel component of the four momentum when the particle crosses the equatorial plane of the hole. Sometimes, it will be interesting to use Q instead L, where Q = p α p β K αβ ≥ 0, where K is the conformal Killing tensor of the Kerr space-time and p α ≡ dx α /dλ is the four momentum of the test particle (remember that Q = L + (L − aE) 2 ).
outer region finding the set of values that constants of motion can reach and showing the range of coordinates that we expect for an allowed set of constants of motions of physical null and non-null eccentricity orbits. This analysis allow us to have a global view of all orbits that we show in a formal three-dimensional (normalized) parameters space ,Q,L, andÊ, wherê
In this parameter space each orbit is represented by a point. The whole set of orbits is confined in a compact volume (see figure (6) that partially diverge whenÊ → 1 and vanishes whenÊ < z ) a pseudo-triangle( the two sides of spherical orbits joints in one vertex when z = z b see (62)) showing that this triangle vanishes when
(see section 4). This representation in the space of parameters allow us to study the different paths that a particle can follow going through different geodesics after a continuous change of constants of motion. As an specific application, we obtain the necessary and sufficient condition that evolving parameters have to accomplish to go from one spherical geodesic to another, showing its limits of application. This result can also be found in [10] and [12] in different scenarios and using different techniques.
In section II, III and IV we analyze the geodesics out of the equatorial plane in Kerr space time using well known results in literature [7] , [9] , [8] . In section V and VI we construct the abstract 3-space of parameters showing the geometrical locus of spherical and non null eccentricity orbits in that space, respectively. Some proofs can be find in Appendices I and II.
First order differential equations for geodesic motion of massive particles.
Using the Hamilton-Jacobi method, Carter found the equations of motion for test particles (see for example [15] ). In the Boyer-Linquist coordinates these equations are
where
Without loss of generality, in the intermediate computations we are going to work with the
The allowed values of the independent constants of motion ξ, η and z are only limited by conditions R ≥ 0 and Θ ≥ 0. Equations (14) and (15) give us the variation of φ andt on proper time, once we have chosen allowed values of these constants.
From now on we will drop the bar symbol fromā,∆ andρ considering that we will ever work with non-dimensional quantities.
As it is well known, these equations of motion are valid for all values of a. However, in our work we have differentiated a = 0 case (The Schwarzschild space-time) from the 0 < a ≤ 1 case.
Furthermore, we are interested in the bound geodesics (z > 1) in the outer space-time of the hole, that is, x + ≤ x ≤ ∞.
Theta-motion for bound orbits
It is well known that, without loss of generality, we can study all geodesics in Schwarzschild (a = 0)
space-time in the equatorial plane (θ = π/2, dθ/dτ = 0, η = 0).
In order to analyze the whole set of geodesics in Kerr space-time 0 < a ≤ 0, the θ-motion equation sets important restrictions on the ξ and η values.
Considering z ≥ 1 case (we include z = 1 as a special case) condition Θ ≥ 0 holds if and only if [7] η ≥ 0,
in accordance with (17), where
In the z = 1 case we find that if η = 0, then µ = 0 (θ = π/2) or ξ = 0 and 0 ≤ µ 2 ≤ 1.
Moreover, if η > 0 geodesics may be found.
In the z > 1 case,
According to (23), |µ − | = 1, if and only if ξ = 0 and η > α 2 . It means that only the trajectories with ξ = 0 can reach θ = 0, π, that is, the symmetry axis. This result can be found not only in particle geodesics case but also in light rays geodesics (see [8] ).
Locally Nonrotating Frame
There's a condition that arises when we consider that the photon's or particle's energy measured by any inertial observer cannot be negative or zero. We know that if one inertial frame measures positive energy then all inertial frames must measure positive energy. We will use an observer who, in some sense, rotates with the geometry, the so called 'locally nonrotating frames LNRF" (see [13] for definitions). Thus the observer world line is r = constant, θ = constant, φ = ωt + constant where ω = −g φt /g φphi . The orthonormal tetrad carried by this observer is
In this frame the measured energy is
where B is a non-diverging function and ω is
It will be interesting to find bounds on
.
It is important to remark that
The requirement E LN RF ≥ 0 is equivalent to E − M wL ≥ 0. Therefore
In order to apply this rule out of the equatorial plane, (η = 0), we use the relation (28) showing
Mw takes values bounded by two θ-non-depending limits.
In the Schwarzschild case ω = 0 and then E LN RF ≥ 0 ⇔ E ≥ 0.
Spherical orbits
Orbits with constant Boyer-Linquist coordinate "r" (x = constant) require that R = 0, and
In the literature one refers to these orbits as 'spherical' or 'circular' orbits indistinctly. The analysis of spherical geodesics stablishes a basis to classify the whole set of geodesics. We focus our work on the outer region of Kerr space-time x + ≤ x, as we have said before.
Solving simultaneously R = 0 and R ′ = 0 equations we obtain general expressions for ξ s and η s , in terms of x s , where a and z are taken as parameters (the subscript s means that these values correspond to spherical orbits). The solutions for ξ s are
while the corresponding solutions for η s are
If 1 < z, the necessary and sufficient condition for these solutions to exist is:
Note that x smax is an upper bound to the radius of spherical orbit. This limit is independent of a, as long as a = 0.
From now on, we will focus on the following intervals for x, a and z: x + ≤ x ≤ x smax , 1 ≤ z, 0 < a ≤ 1 that we will generically call D, the domain of variation of these quantities.
In order to ensure the existence of D it is necessary that x + ≤ x smax . This implies an upper bound of z, that is
(a = 0, z smax = 2; a = 0.8, z smax = 2.66..; a → 1, z smax → ∞).
If 1 ≤ z, the θ-motion analysis has shown that only non negative values of η need to be considered. Then circular orbits occur when η s1,2 ≥ 0.
After a tedious calculus we can see that
in D (see Appendix I). Therefore spherical orbits in Kerr space-time (0 < a ≤ 1) can be found if and only if η s2 ≥ 0.
A. The {η s2 , ξ s2 } solution.
Firstly, we apply the results of section 3 to this solution. We can check that
(if x = x + we get the equality). Therefore, according to (30): No spherical orbits exist if E < 0 and all spherical orbits with E > 0 have E LN RF > 0.
The analytical complexity of these functions doesn't allow us to have a complete knowledge of them in a direct way. While η s2 has three extrema in D (every extremum is a maximum, minimum or inflection point depending on the a and z values), Q s2 , defined in (11),
only has one and shows other interesting properties that we will discuss below.
The function R can be written as follows
where A, B, C, g are
Thus R must be considered as a function of x, a, C i , i.e. R(x, a, C i ), where C i ≡ {ξ, Q, z}.
According to this we define
For each set of allowed values of C i we can find a solution x = x(τ, C i , a) solving equation (12) .
We are now interested in a family of solutions such that the parameters vary according to a specific law, defined by the functions C i (s), assuming that for each value of s we obtain a geodesic [12] . The solution of (12) now takes the form x = x(τ, C i (s), a), and thus
If we produce a small variation δs then the quantities R and R ′ vary according to
whereẋ ≡ ∂x/∂s andĊ i ≡ ∂C i /∂s.
We apply this results in order to investigate the properties of the first derivatives of ξ s2 (x s , a, z)
and Q s2 (x s , a, z).
Spherical orbits imply
As we go from one spherical orbit to another varying s,
Using these results on (41), (44) and (45) we obtain
where for example
, in accordance with our previous notation.
In other words, there where ξ s (x s , a, z) has an extremum, the function Q s (x s , a, z) must have an extremum, and vice versa.
Proof: Considering that ξ s2 and Q s2 satisfy R ′ (ξ s2 , η s2 , x s , a, z) = 0, then, according to (47), if
impossible due to g s > 0 and Q s2 must be greater than zero.
In Appendix III we have proved that this extremum exists and is unique. We call it x e (a, z)
but we are not able to found his analytical expression.
From equation ξ ′ s2 = 0 we can obtain
Using this expression we find
where the functions ξ e2 (x e , a), z e (x e , a) and Q e2 (x e , a) represent the values of minimum of ξ s2 , maximum of Q s2 and z e when the extremum is in x e .
Theorem II:
Proof: The right to left implication is obvious using (48). The left to right implication can be proved considering that the determinant of unknowns ξ ′ s2 and Q ′ s2 in the homogeneous system of two equations (47) and (48), considering that now R ′′ = 0, is
It is clear that Det only vanishes in x = x + and x = x smax . Then the only solution is ξ
As it is well known stable (unstable) spherical orbits occur when
Theorem II implies that R ′′ = 0 only where
. It is not difficult to prove that spherical orbits are stable when x s > x e (a, z).
Conversely, if x s < x e they are unstable.
Theorem III:The extremum of ξ s2 and Q s2 are maximum (minimum) and minimum (maximum) respectively in D.
From (47), and considering the point where ξ
Numerical calculations show that this point is always a maximum of Q s2 and a minimum of ξ s2 .
The values of these two functions in x + and x smax are
B ξ s2 = ξ ′ s2 = 0. It will be important to find the functions z c (a) and x ec (a) such that if z > z c then ξ s2 (x s , a, z) > 0, where x ec is the point where ξ s2 = ξ ′ s2 = 0, for any value of a. To do this we proceed as follows: First, the system of equations ξ s2 = ξ ′ s2 = 0 is equivalent to
If we use (56) in (57) we obtain a function z c (x ec ) that combined with (56) is a parametric expression of z c (a) (see figure (1),a) , that is, for every a we find z c . Then, using (58) (see figure
(1), b) we can find x ec value. As an interesting application of this result, we can prove that dφ/dτ ≥ 0 for all spherical orbits provided z ≥ z c . According to (14)
But
Thus, we can conclude that:
Theorem IV. For every value of a, there exists z c , defined by (57) and (56), such that if z ≥ z c then ξ s2 ≥ 0 in D and thus dφ/dτ > 0, i.e. the spherical orbits co rotate with the hole.
In order to improve our knowledge of x e , we can find where both
Functions x ea,b where first presented in [13] (see equation (2.21)in that paper). We now show some values of these variables:
• When a = 1 then z a = 3 and z b = 1.080 while x ea = 1/2 and x eb = 9/2,
• When a = 0.8 then z a = 1.298 and z b = 1.086 while x ea = 1.453 and x eb = 4.216,
Moreover, x ea,b give us the range of variations of x e , that is x eb (a) ≤ x e (z, a) ≤ x ea (a) obtaining non-negative values of η s2 .
Finally, we can verify that 1 The behavior of these functions near a = 0 + is
this implies that z b ≤ z c ≤ z a (the equality holds in the limit a → 0).
Until now we have studied the functions Q s2 and ξ s2 . We conclude this subsection analyzing under which conditions
the points where Q s2 = (a − ξ s2 ) 2 . We will depict these two functions Q s2 and (a − ξ s2 ) 2 in four possible scenarios (see figure 3 ):
• I)1 < z < z b . Condition only holds in two disconnected intervals, x + < x 1 ≤ x ≤ x 2 < x e for the unstable spherical orbits (in which Q s2 is an increasing function) and < x e < x 3 ≤ x ≤ x 4 < x smax that corresponds to the stable ones (in which Q s2 is a decreasing function),
• II)z = z b . The two parts are just connected in x e , that is x 2 = x e = x 3 of the previous case, and we can continuously go from the stable to the non-stable orbits,
• III) z b < z < z a . The condition holds in the whole interval x + < x 1 ≤ x ≤ x 4 < x smax containing stable and unstable orbits (now x 2 and x 3 doesn't exist).
• IV) z = z a We only have one spherical geodesic in x e .
In figure 4 , we can see ξ s2 in these cases, including z = z c . As it is well known, a necessary condition to have orbits lying entirely in the equatorial plane is η = Q − (ξ − a) 2 = 0. For spherical orbits the condition becomes η s2 = 0.
Conditions R = R ′ = 0 are now (η = 0) equivalent to
These equations are equivalents to (2.12) and (2.13) of [13] .
Each of z s± solutions has a maximum in the interval 1 ≤ z ≤ ∞, that corresponds with
. Beyond these points they decay asymptotically to one, as we can see in figure (5).
As you can see in the last figure, if • 1 < z < z b we have four spherical orbits.
• z = z b we have three, one of them in x eb such that {z b , x eb , a} are solutions of (62), (63) equations (z b < z a ),
• z b < z < z a we have two,
• z = z a we have the last one, such that {z a , x ea , a} are its solutions.
A specially simple expression of the function z s± (x s , a) can be obtained for z = 1, and z = 9/8
values, that are well known in the literature.
(See [13] and [7] for details).
F Schwarzschild circular orbits.
Functions ξ s− and z s have a maximum,
2 , z sM = 9/8 respectively, in x s = 3, and ξ s+ a minimum, ξ s+ m = 3 √ 6
2 . Stable circular orbits can be found when 3 < x s < ∞, and unstable 2 ≤ x < 3, where x s = 2, z s = 1, ξ s± = ±4 corresponds to the inner unstable circular orbit. (See [13] and [7] for details).
Spherical orbits in theQ −L −Ê space
In this section we are interested in representing "outer" spherical orbits in aQ,L andÊ (1) formal
, analyzing their properties, as we have mentioned before. This task can be achieved due to the special shape of the geodesic equation that, at the same time, derives from the existence of two killing vector fields and one conformal killing 2-tensor. As we have seen ξ s2 and Q s2 depend exclusively on x = r/2m coordinate. This fact allow us to construct a formal three space in such a way that the whole set of spherical orbits will be represented by a 2-surface, say Σ, in this space. In the next chapter we will see that orbits with non null eccentricity can be represented in the same formal space. Therefore, we will achieve a global and careful (with accurate analytical control) representation of the whole set of orbits in Kerr space-time.
A. Each point of this space is characterized by their coordinates X i ≡ {Q,L,Ê}.
The geometrical locus of the spherical orbits in this space is a 2-surface Σ defined by:
limited byQ
that is, the surface representing the equatorial plane in this space (η = 0), and 0 <Ê ≤ 1. Finally x s and z (z =Ê −2 ) have to be considered the two parameters constrained by
where z a is defined in (62). We will look at this representation a (0 < a ≤ 1) as a constant (for example a = 0.8), discussing its variation in the results and including z = 1 as a limiting case.
Moreover, this representation is not sensitive to initial conditions. Then, one point represents spherical orbits but, in some circumstances, the same point represents the associated geodesics (see next section for definition).
It is well known (see [14] for example) that singular points occur when two minors of the matrix Unstable spherical orbits are represented by the points of the lower pseudo-trapezoid face with curved sides (that we represent by a widehat over the extrema of the piece of curve). These sides are:
• A, E 1 and C 3 , E 32 , unstable circular orbits on the equatorial plane,
• A, C 3 , singular points of Σ,
• E 1 , E 32 , unstable spherical orbits withÊ = 1.
Stable spherical orbits form a partially unlimited face with sides:
• A, E 2 and C 3 , E 31 , stable circular orbits on the equatorial plane.
The apexes of these partially non-limited volume are:
• A the circular orbit in the equatorial plane with smallest value ofÊ for a fixed value of a.
• E 1 and E 32 circular unstable orbits in the equatorial plane withÊ = 1,
• C 3 circular orbit in the equatorial plane with smallest value ofÊ andL < 0.
• E 2 and E 31 limiting points representing stable circular orbits in the equatorial plane when
We complement our knowledge of Σ cutting slices ofÊ = constant(⇔ z = constant). Then, the spherical orbits could be represented in each slice in a parametric way by (71) where z takes a constant value. We include the intersection of each slice with the surface of the equatorial plane.
The complexity of the behavior of these parametric functions forces the study of their particular shape for the cases studied in table 1. Relations listed in the previous chapter allow us to better understand those particular shapes. • Case IV : z = z a Last stable spherical orbit.
In order to complement the previous plots, we add the projection on theÊ,L plane of the spherical orbits on the equatorial plane. We represent these orbits on a parametric plot using (64) into (71). See figure (7) plotted for a = 0.8, that are the projections of A, E 1 , A, E 2 , C 3 , E 31 and
As a decreases both peaks of thisL −Ê plot become more and more symmetric until we arrive to a = 0, where they become completely symmetric (as could be expected from the spherical symmetry of Schwarzschild black holes)
C As we have seen in section D of the previous chapter, in the general case I, the function Q s2
has four values of x s , say x i i ∈ {1, 2, 3, 4}, such that Q s2 = (a − ξ s2 ) 2 , for a fixed value of a and z. The plots have been obtained in all cases increasing the value of the x s parameter, first from x 1 to x 2 (in figure 6 from D 1 to D 32 ) for the unstable branch, and from x 3 to x 4 for the stable one (from D 31 to D 2 ). In the other cases the end of the unstable and the start of the stable branches is x e which traces the singular points of the global surface.
We can now show the relative values of ξ s2 (x i , z, a), that is
Moreover, since ξ s2 is a continuous function, it has a minimum in x e and takes positive values in the extrema of D, x + and x smax , from the above table, we can infer that ξ s2 = 0 in two points x l (ξ ′ s2 (x l , z, a) < 0) and x m (ξ ′ s2 (x m , z, a) > 0 and x l < x m ) if 1 < z ≤ z c . Thus: i) x 1 < x l < x 2 < x 3 < x m < x 4 in the case I and II, ii) if z b < z < z c , then x e < x l < x 1 and
D Continuously moving in a geometrical locus of spherical orbits. Let us choose P, a point of Σ. The holonomic base of the tangent space in P associated to curves on Σ of x s = constant and z = constant is
whereQ ′ andQ z means partial differentiation ofQ s2 with respect x s and z respectively and
is the holonomic base on P ofQ,L,Ê space.
As a consequence of gravitational radiation, in the adiabatic approximation, a test particle can follow a trajectory that can be imagined as a chain of orbits in such a way that the particle remains several periods on each orbit before changing to another orbit. We define t as an average over several orbital periods. According to this, the constants of motion (Q,L,Ê) associated to different orbits vary according to a law that evolves dQ/dt, dL/dt, dÊ/dt quantities. In fact, the solution of the first order ordinary equations is a curve in our formal space such that
where V ≡ d/dt, is its tangent vector (˙≡ d/dt). The necessary and sufficient condition to ensure us that a particle in spherical motion remains in a spherical orbit under the influence of radiation reaction is
where ǫ ijk is the Levi-Civita tensor. Hence, equation (78) becomes [12] , (see also equation 3.25 of
If the motion lies entirely on the equatorial plane then equation (78), taking into account (72),
The result is
Using basic instruments of classical differential geometry we can find the necessary and sufficient condition for a stable spherical geodesic be able to achieve a non null eccentricity orbit following
This result applies if the start point is an unstable spherical orbit and we want to achieve a non null eccentricity orbit in V direction. In general this construction allow us if whether or not a specific curve, with V as a tangent vector in each point, is inside this partially unlimited volume of orbits in Kerr space time, and therefore if this is able to describe the path of a radiating particle in the adiabatical approximation.
6 Non-null eccentricity Orbits in theQ −L −Ê space
In the previous section we have constructed a space where we have placed the spherical orbits, now we are going to study all orbits and we will see that spherical ones delimitate where the rest of the orbits are.
A The U potential. In order to analyze the non null eccentricity orbits in relation to the spherical ones we could use the potential technique factorizing R as follows,
where T andÛ are defined below. The complexity ofÛ advise us to use η to factorize R. It will be easy to translate the results in terms ofQ andL as we show below.
According to (39) we have
Therefore, considering that
, we obtain
Orbits exist only if R ≥ 0. This implies
For fixed values of ξ and z parameters, and a, U depends on x.
• U is continuous in the domain: 0 < a ≤ 1, 1 < z, x + < x < ∞
• Using Descartes's rule on the third-degree polynomial part (see(84)), one can see that, for the values of a, z and ξ that we are interested in, there are always 3 changes of sign. Thus there's the possibility of having at most 3 real roots, and we know that there will be at least 1 root, because this function, being continuous, goes from ∞ to −∞ inside that region. Extrema of U can't be found analytically. As it has been explained, the conditions for spherical orbits are R = 0 and R ′ = 0. In U potential terms, they are equivalent to:
The set of values of ξ, η, z, x, a which correspond to spherical orbits are related through the functions ξ s1,2 and η s1,2 . We are going to study the extrema of U through these functions proceeding as follows: First, one value of a 0 and z 0 is chosen. Then, to completely define the U potential, we have to choose a particular value of ξ, say ξ 0 .
The two functions ξ s1,2 coincide at the extrema of the interval of x + ≤ x ≤ x smax . They are continuous functions and each one has one extremum in the interval, a minimum for ξ s2 and a maximum for ξ s1 . So they form a oval closed shape. Hence, we can find different scenarios depending on ξ 0 :
• ξ 0 is such that ξ 0 > ξ s1 or ξ 0 < ξ s2 . Thus U doesn't have any extremum.
• ξ 0 is tangent to the oval shape at ξ s1 maximum or ξ s2 minimum. In this case U potential has an inflection point.
• ξ 0 intersects twice the shape. This implies that two extrema exist in D. In this case, intersections with ξ s1 curves implies that the corresponding extrema are below the horizontal axis since η s1 < 0. But for intersections with ξ s2 the extremum will be over or below the horizontal axis depending on the sign of η s2 .
As we have seen, U is a continuous function that takes the values +∞ and −∞, at x + and x → ∞, respectively. Then if it has two extrema, it must first have a minimum, and after a maximum, with the maximum being above the minimum.
In figure (8) we can see the more general example where the two possible scenarios are plotted in terms ofQ andL by using (85), and (86) (the form ofÛ is like U except a shift and a rescaling). We Now that we know the shape ofÛ we can find where the non-spherical orbits are. An orbit must exist between two turning points, if we choose a valueQ 0 we see that it can intersect up to three times theÛ potential defining three turning points x t ≤ x a ≤ x p . We can find orbits only whenQ 0 value is between bothÛ extrema (consideringQ 0 ≥ (L 0 − aÊ 0 ) 2 , whereL 0 andÊ 0 are fixed values definingÛ ) and x a ≤ x ≤ x p , such that the apoaster is in x a , and the periaster is in x p . This situation corresponds to the region between the two curves at theQ versusL plots and
Geodesics falling into the hole exist in x + ≤ x ≤ x t region (associated geodesics [7] ), assuming the same values of the physical parametersQ 0 ,L 0 andÊ 0 of the associated orbits.
Figure (8) tell us that, starting from a value ofQ 0 corresponding to an orbit, if we increase continuously this value we can achieve at most the valueÛ max in order to have physical orbits.
But if we decrease this value in the left case of (8) belowÛ min we will get open geodesics that will be swallowed by the hole, but at the right case of (8), ifQ 0 < (L − aÊ) 2 no physical orbits exist.
Therefore, the surfaces representing stable spherical orbits and theQ 0 = (L − aÊ) 2 surface in figure (6) are impenetrable, i.e. can be achieved but not crossed following a continuous change of the physical parameters from an interior point of the volume of orbits, while the surface of unstable spherical orbits can bidirectionally be crossed.
B The region where orbits exist.
If we focus on 1 < x region we can obtain interesting results due to the fact that, in that region,
since
If x → 1+ then h → +∞, if x → +∞ then h → −∞, besides if 1 < z ≤ 9/8 has a minimum in x e1 and a maximum in x e2 , x e1 ≤ x e2 and h(x e1 , z) ≤ h(x e2 , z) > 0, and if 9/8 < z, thus h(x, z) is a continuously decreasing function. In addition to this h(x, z) ≥ 0 ⇔ 1 < x ≤ x limit , where
Considering that h(x, z) < 0 in the x + ≤ x ≤ 1 region, we can assert that the allowed values of x coordinate of orbits are bounded by x + < x ≤ x limit (z). The upper limit only depends on mass energy ratio.
C Orbits co rotating with the hole According to figure 6, physical orbits with z ≥ z c are characterized byL ≥ 0 (⇔ ξ ≥ 0). In fact, there exists a set of orbits with the same value ofL. These orbits are placed in this figure in the slice ofL = constant ≥ 0, including a number of stable and unstable orbits. Therefore
Theorem IV must be extended beyond spherical orbits, concluding that all orbits with z ≥ z c co rotate with the hole. That is, following (14) we can check that dφ/dτ ≥ 0 for all orbits with z ≥ z c .
But, we can always find a spherical orbit such that ξ = ξ s2 . Thus
Summary of main results
The main goal of this paper has been to provide different tools in order to have a very important knowledge of both (unstable and stable) spherical orbits, and non null eccentricity orbits in the outer Kerr space time, studying how their physical parameters are related. This is due to the special role played by Kerr orbits to explain astrophysical effects in strong gravitational fields such as gravitational wave radiation in the adiabatic approximation.
To achieve this, we have developed an analytical study of orbits out of the equatorial plane, recovering, as expected, classical results of orbits lying entirely on the plane of symmetry including the Schwarzschild results and the limit of Kerr metric (a = 1). A numerical approach to obtain specifical results about orbits or radiative models can be implemented based on our analytical approach. and a maximum ofQ s2 ) that, at the same time, is the threshold that divides stable and unstable spherical orbits (see Theorem II).
2)Moreover, using the properties of the extremum e mentioned above, we have found that, for z > z c (a) (⇔L s2 ≥ 0), all orbits (including the spherical ones) have a positive value ofL and therefore must co-rotate with the hole.
3)According to this classification we have constructed the physical parameters space (Q,L,Ê)
showing that the whole set of spherical and non-null eccentricity orbits can be represented there.
We have been able to carry this out thanks to the fact that the Kerr metric has two killing vectors and one killing 2-tensor and the choice of Boyer-Linquist coordinates. In this space the geometrical locus of spherical orbits is a 2-surface that looks like two sheets (one for stable and the other for unstable spherical orbits), partially matched through a common curve. We have proved that this curve is the set of singular points of this 2-surface characterized by the condition
This surface can be constructed using slices of z = constant. Each slice exhibits the limits ofQ andL values, showing that beyond z a (a) no physical orbits (η ≥ 0) exist. It means that if E < E a = m √ z a neither spherical nor non null eccentricity orbits exist. The larger value of z a is 3 for a = 1.
4) Studying the U potential we have seen that non-null eccentricity orbits are placed in this formal three-space between the two sheets of stable and unstable spherical orbits and limited by the surface representing the equatorial plane. Then, we obtained a global representation of the whole set of orbits in the outer region of the Kerr space-time. This representation allows us to see whether or not a particle can achieve one specific orbit from another one with a continuous change of its parameter values.
5) Using a property of U potential, we have obtained x limit (see (93)), that is, a maximum value for the x coordinate of an orbit (spherical or not) depending on its energy-mass relation,Ê.
6)
We have obtained the necessary and sufficient condition that the variations of theQ,L andÊ parameters must hold so that a spherical orbit remains spherical. Using this condition, we recover the result obtained in [10] in the Schwarzschild limit and small perturbations of a stable spherical orbit, and in [12] in Kerr space-time.
7)
Variations of the parameters due to gravitational radiation in the adiabatical approximation can be represented in this formal space as a curve going form one geodesic to another. Therefore we can check whether or not this path is possible according to the fact that the upper sheet of Σ (that of stable spherical orbits) is impenetrable while the lower one is not, as has been proved in section 6. This representation, as a formalization of analytical results, can be an important tool to check whether a transition from one orbit to another is valid or not.
In particular the necessary condition to go from one stable spherical geodesic to an unstable one (or vice versa) following a way that only include spherical orbits is crossing the singular line of Σ.
Appendix I
In order to prove that η s1 < 0 in D, we can do the next changes of variable and parameter: a) z = 2x smax /(2x smax − 1), b) x s = t s + x + and c) x smax = t smax + x + (then 0 ≤ t ≤ t smax ) where
x smax is defined in (33) and x + is the outer horizon. After applying this changes, we obtain .
This implies that η s1 < 0 in the intervals of interest, q.e.d..
Appendix II
After some manipulations we can see that the system of equations ξ 
where F (x s , z) = 0 and H(x s , z) = 0.
We define functions S(x, a, z) according to S(x, a, z) = G(x, z) + a 2 =
= a 2 − 4x z 2 [8(z − 1)(z − 2)x 2 + 3z(4 − 3z)x + 3z 2 ]−,
We implement the change of variable
where x smax has been defined in (33).
This change implies that x = 0 ↔ y = −1/2 and x = x smax ↔ y = +1/2. At the same time y = 0 ⇔ x = x smax /2. In addition to this
Now, the position of the outer horizon y + depends not only on a but also on z. Remember that the domain D exists iff. condition x + ≤ x smax , ⇔ 1 − (z − 1) √ 1 − a 2 ≥ 0 holds.
since, according to (115) y 02 ≤ y + . Nevertheless, there exist spherical orbits with z > z limit , so we don't know if in this limiting cases the root of S could be inside the outer horizon. But this is not possible since S(y + ) ≤ 0 and then the root must be outside the horizon (the equality meets in the limit when y + = 1/2).
